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FIG. 1. (Color online) (a) Atomic level scheme with input probe
field E and control field !. (b) Sketch of a possible experimental real-
ization: one-dimensional setup with copropagating photons focused
inside an atomic cloud of Rydberg atoms and control field !.

with the level structure in a ladder configuration as in [21]
and as drawn in Fig. 1(a). The operators Ê,Ê † are slowly
varying envelope operators, which obey bosonic commutation
relations [Ê(r),Ê †(r′)] = δ(r − r′). Here ωp and kp denote
the carrier frequency and wave number of the probe field,
respectively. The atoms are composed of a ground state |g⟩,
an intermediate excited state |e⟩, and a metastable Rydberg
state |r⟩. We neglect dipole-dipole interactions of Rydberg
states for a moment, which we will reintroduce later. The field
Ê couples the atomic states |g⟩ and |e⟩ with single-photon
detuning $ = ωeg − ωp, where ωµν = (Eµ − Eν)/! denotes
the transition frequency between atomic states |µ⟩ and |ν⟩.
The transition between states |e⟩ and |r⟩ is driven by a
classical control field ! with carrier frequency ωc and detuning
$c = ωre − ωc. We denote the resulting two-photon detuning
by δ = $ + $c. The atomic state |e⟩ is assumed to be subject
to spontaneous decay with rate γ .

The polarization and the spin coherence are microscopically
described by spin flip operators |µ⟩⟨ν| of individual atoms. By
averaging these over a small volume centered at a position r
and containing Nr ≫ 1 atoms we define continuous, coarse-
grained atomic operators σµν at position r,

σ̂µν(r) = 1
Nr

Nr!

j=1

|µ⟩jj⟨ν|, (1)

which fulfill the commutation relations [σ̂αβ(r),σ̂µν(r′)] =
1
n
δ(r − r′)[δβµσ̂αν(r) − δανσ̂µβ(r)], where we assume the den-

sity n of the atoms to be homogeneous. Transforming to a
frame rotating with the atomic frequencies and performing
the rotating-wave approximation, the atom-light coupling
Hamiltonian of this system can be written as (! = 1)

Ĥ = n

"
d3r{$σ̂ee(r) + δσ̂rr (r)}

− {!σ̂re(r) + g
√

nÊ(r)σ̂eg(r) + H.a.}, (2)

where g = dge

#
ωge/2!ϵ0 denotes the coupling strength of the

electric field Ê to the atomic transition |g⟩ − |e⟩, with dge being
the corresponding dipole matrix element.

We derive Heisenberg-Langevin equations of motion for the
slowly varying field Ê and coarse-grained atomic operators
taking into account the spontaneous decay rate γ of the
intermediate level [22]. Assuming the probe field to be weak
compared to the control field, we can treat the equations in
linear response with respect to gÊ , leading to the equations of

motion for the polarization σ̂ge and spin coherence σ̂gr ,

∂t σ̂gr = −iδσ̂gr + i!σ̂ge

∂t σ̂ge = −,σ̂ge + ig
√

nÊ + i!σ̂gr + F̂ge,
(3)

where , = γ + i$ and F̂ge denotes a Langevin noise operator
[22], which is δ correlated in time and space with a vanishing
expectation value that needs to be added to preserve the
commutation relations. As the noise is related to the population
of the excited state, which we set as σ̂ee = 0 in linear response,
the Langevin operators can be neglected. In the following we
consider only the case of two-photon resonant driving, i.e.,
δ = 0.

B. Paraxial light propagation

The dynamics of the probe field is described by the
truncated paraxial wave equation

$
∂t + c∂z − i

c

2kp

∇2
⊥

%
Ê(r,t) = ig

√
nσ̂ge(r,t). (4)

We assume a cylindrical symmetry of the experimental setup
and decompose the probe field into mode functions uµν(r,ϕ),
which are eigensolutions of ∇2

⊥uµν(r,ϕ) = 0,

Ê(r,t) =
!

µ,ν

uµν(r,ϕ)Êµν(z,t). (5)

The mode functions

uµν(r,ϕ) = Cµν

w0

&√
2r

w0

'|µ|

e−r2/w2
0+iµϕL|µ|

ν

$
2r2

w2
0

%
(6)

are a complete orthogonal set in the cylindrical coordinates
(r,φ). Here Lµ

ν are the associated Laguerre polynomials,
Cµν are appropriate normalization constants, and ν and µ
denote the radial and azimuthal indices of the mode func-
tions, respectively. Replacing w0 → w(z), Eq. (5) describes
Gauss-Laguerre modes of paraxial light propagation [23].
For z values well within the Rayleigh length zR = πw2

0/λp,
one finds w(z) ≈ w0 = const and (5) becomes an adequate
decomposition.

We decompose σ̂ge(r,t) and σ̂gr (r,t) into the modes
uµν(r,ϕ) in an analogous way and obtain from Eq. (4) and
the completeness relation of the mode functions

(∂t + c∂z)Êµν(z,t)

= ig
!

α,β

"
dr dϕ

#
n(r)u∗

µν(r,ϕ)uαβ(r,ϕ)σ̂ αβ
ge (z,t). (7)

If the atomic density n(r) is slowly varying spatially in r on the
scale w0 and is furthermore independent of ϕ, orthogonality
of the modes yields

(∂t + c∂z)Êµν(z,t) = ig
√

nσ̂µν
ge (z,t). (8)

If also the driving-field Rabi frequency is independent of ϕ and
slowly varying in r , the Heisenberg-Langevin equations (3)
decouple in the transverse modes uµν(r,ϕ) as well. In this case,
the equations of motion can be reduced to a one-dimensional
propagation problem for the individual transverse modes. Note
that this is only correct as long as interactions are disregarded.
The effect of the latter will be discussed later on.
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nÊ(r)σ̂eg(r) + H.a.}, (2)

where g = dge

#
ωge/2!ϵ0 denotes the coupling strength of the
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decomposition.
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interaction between different transversal modes

Ĥint = n2

2

!
dz

!
dz′

"

µ1µ2µ3µ4
ν1ν2ν3ν4

#V µ1µ2µ3µ4
ν1ν2ν3ν4

(z − z′)

× σ̂ †µ1ν1
gr (z)σ̂ †µ2ν2

gr (z′)σ̂µ3ν3
gr (z′)σ̂µ4ν4

gr (z), (17)

The effective scattering matrix elements #V µ1µ2µ3µ4
ν1ν2ν3ν4

are ob-
tained from the three-dimensional interaction potential by
integrating out r,r ′ and ϕ,ϕ′,

#V µ1µ2µ3µ4
ν1ν2ν3ν4

(z − z′)

:=C6

! 2π

0
dϕ

! 2π

0
dϕ′

! ∞

0
rdr

! ∞

0
r ′dr ′

×
u∗

µ1ν1
(r,ϕ)u∗

µ2ν2
(r ′,ϕ′)uµ3ν3 (r ′,ϕ′)uµ4ν4 (r,ϕ)

[r2 + r ′2 + 2rr ′ cos(ϕ − ϕ′) + (z − z′)2]3
. (18)

The angular integrals can be calculated analytically by residue
integration yielding the momentum conservation rule

#V µ1µ2µ3µ4
ν1ν2ν3ν4

(z − z′) ∝ δµ1−µ4,µ3−µ2 , (19)

but further evaluation has to be done numerically. We are in-
terested in the scattering processes of an initial Gaussian mode
with zero angular momentum into higher-order Laguerre-
Gaussian modes that are described by the scattering matrix
elements #V µ,−µ00

ν1ν200 . The modes uµν with µ ̸= 0, i.e., higher-
order azimuthal modes, have vanishing amplitude at r = 0
and the corresponding interaction processes are suppressed
compared to the µ = 0 modes. Thus we will restrict the
following discussion to scattering processes into azimuthally
symmetric modes.

In Fig. 2 we show the coupling strength of two photons
at relative distance z in the Gaussian mode ν3 = ν4 = 0 to
Laguerre-Gaussian modes with radial indices ν1,ν2, calculated
by numerical integration of (18). The relevant reference is
the forward scattering potential #V 0,0,0,0

0,0,0,0 . We find that for

FIG. 2. (Color online) Different interaction potentials #V 0000
ν1ν2ν3ν4

between two photons initially in Laguerre-Gaussian modes ν3,ν4

sitting at positions (z,z′ = 0) and finally in Laguerre-Gaussian modes
ν1,ν2. In particular we choose initial Gaussian modes ν3 = ν4 = 0 and
final modes ν1,ν2 as labeled in the figure. The dashed lines indicate
power-law fits z−α in the regime z > w0 with exponents α ∈ {6,8,10}
(increasing slope). The potentials are symmetric in interchanging
ν1 ↔ ν2.

distances smaller than the beam waist w0 all potentials show
a z−4 decay with different initial amplitudes due to the small
overlap of the different modes. At z ≈ w0 the potentials cross
over to a power law z−α , where we find numerically that
α ≈ 6 + 2(ν1 + ν2). Due to the strong interactions, excitations
separated by small distances are blockaded, where typically the
blockade distance is on the order of a few w0. Therefore, the
relevant distance regime is given by w0 < ac ! z, where the
scattering matrix elements scale as z−α . One recognizes that for
distances already slightly larger than w0 the scattering matrix
elements into higher Laguerre-Gaussian modes are orders of
magnitude smaller than the forward scattering one. Thus we
can safely neglect the scattering processes into higher modes
if the distance between excitations is sufficiently larger than
the blockade radius ac > w0 [28]. The remaining potential
#V 0000

0000 (r) can be approximated by the van der Waals potential
V (r) = C6/|r|6 yielding an effective one-dimensional (1D)
interaction. Omitting again the indices 0 we find

Ĥint = n2

2

!
dz

!
dz′V (z − z′)σ̂ †

gr (z)σ̂ †
gr (z′)σ̂gr (z′)σ̂gr (z).

(20)

Note that the 1D operators σ̂gr (z) = σ̂ 00
gr (z) have a differ-

ent physical dimension from the operators σ̂gr (r) in three
dimensions.

Transforming the 1D interaction Hamiltonian (20) to the
polariton basis using

√
nσ̂gr (z) = − sin θ(̂(z) + cos θ)̂(z)

yields

Ĥint = 1
2

!
dz

!
dz′V (z − z′){[sin θ(̂†(z) − cos θ)̂†(z)]

× [sin θ(̂†(z′) − cos θ)̂†(z′)][sin θ(̂(z′)

− cos θ)̂(z′)][sin θ(̂(z) − cos θ)̂(z)]}. (21)

By expanding the products one can identify terms describing
(i) a two-body interaction of dark-state polaritons with relative
strength sin4 θ , (ii) an interaction of bright-state polaritons with
relative strength cos4 θ , and (iii) nonlinear coupling terms of
dark- and bright-state polaritons.

In the slow-light regime one has cos2 θ ≪ 1 and by
taking the Hamiltonian (21) in lowest order of cos θ only
a nonlinear interaction term between Rydberg dark-state
polaritons remains. Adding the effective free Hamiltonian that
can be derived by adiabatically eliminating the bright-state
polaritons from (10) and transforming to a frame comoving
with the group velocity vg finally yields

Ĥeff = −
!

dz (̂†(z)
∂2
z

2m
(̂(z)

+C6 sin4 θ

!
dz

!
dz′ (̂

†(z)(̂†(z′)(̂(z′)(̂(z)
|z − z′|6

, (22)

where m−1 ≈ vgLabs(+/γ ). This Hamiltonian was derived in
[19] and used there as the basis of the theoretical discussion.
It is, however, perturbative in the interaction-induced coupling
between dark- and bright-state polaritons, which we will now
analyze in more detail.
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interaction between different transversal modes
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Using Heisenberg’s uncertainty relation, we can derive an
approximate expression for the size of the bound state

rb =
∫ ∞

−∞
dr r2ψ2

0 (r) ! 1
2

(∫ ∞

−∞
dr |2mW (r)|

)−1

, (19)

which yields

rb ! 3
4π

Labs

ξ
> Labs > RB, (20)

where we used ξ " 1. Thus in the parameter regime, where
bound states can be excited, their spatial extend is rather large
and exceeds the absorption length as well as the blockade
radius. In Fig. 3(b) we show an eigenstate for ξ = 0.2
calculated by numerical diagonalization of the two-photon
Hamiltonian compared to an exponential function with the
size π

3 RB/ξ 2, showing a very good agreement.

B. Bound-state components

The internal structure of the bound state can be found
numerically by calculating the time evolution of an initially
broadly distributed wave function consisting of two dark-state
polaritons for the case of vanishing center-of-mass momentum
K = 0. We assume that the SS component has initially no
excitation inside the blockaded region |r| " RB. The results
are shown in Fig 4. As expected, the SS component is strongly
suppressed inside the blockade radius. Here the bound state has
mainly photonic character. In the case of $ > 0 one recognizes
a sharp peak of theSS component close to the blockade radius.
This coincides with the sharp minimum seen in the effective
potential for positive detuning at this distance, cf. Fig. 2(a).

If condition (16) for a single bound state is fulfilled, the
amplitude EE(r,t) of finding two photons at relative distance
r reads

EE(r,t)
cos4 θ

= C0e
−iE0tψ0(r) +

∫
C(E)e−iEtψE(r)dE, (21)

where C0 and C(E) are the overlap integrals between the initial
state and the bound and continuum eigenstates, respectively.
We here consider only the first part, corresponding to the bound
state and will discuss the continuum states in the following
section. The amplitudes of the remaining components ES,
SE , and SS of the bound state can be obtained by substituting
the solution for EE into the two-particle Schrödinger equation.
A direct calculation gives

ES+(r,t) = ES + SE ≈ −2C0 cos3 θψ0(r)e−iE0t . (22)

In obtaining this expression we have assumed that g2/|$| ≫
cK,|E0|. The calculation of the spin component SS(r,t) is
more involved, but straightforward. After simple algebra we
arrive at

SS(r,t) ≈ C0
cos2 θ

1 − $
2&2 V (r)

ψ0(r)e−iE0t . (23)

Analogous calculations can be performed for the antisymmet-
ric component ES− = ES − SE , which becomes negligible if
the size of the bound state is much larger than the off-resonant
optical length rb ≫ Labs:

|ES−(r,t)|
2C0 cos3 θψ0(r)

≈
∣∣∣∣

Labs

ψ0(r)
dψ0(r)

dr

∣∣∣∣ → 0. (24)
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FIG. 4. Photonic molecule state obtained from numerical time
evolution of the paraxial Maxwell-Bloch equations for K = 0,
g = 20&, ξ = 0.2, and t = 20 in units of |$|/2&2. Shown are the
amplitudes of the wave-function components EE , ES±, SS, and
W (r)EE , and each scaled with powers of cos θ according to Eq. (25)
to make them comparable. (a) The result for negative detuning
$ = −4γ and (b) the result for positive detuning $ = +4γ , where
the SS component exhibits resonances. Outside the blockade radius
we find small deviations from the result we expect from Eq. (25).

In this weak-interaction limit the amplitudes [Eqs. (21)–
(23) and (24)] can be combined in a compact form ( =
(EE,ES,SE,SS)T , yielding

!(r,t) = cos2 θC0

⎛

⎜⎜⎝

cos2 θ
− cos θ
− cos θ

1
1− $

2&2 V (r)

⎞

⎟⎟⎠ψ0(r)e−iE0t , (25)

where the factor cos2 θ in front appears as a result of projecting
the initial state onto the state of two free polaritons and can
be changed by choosing a specific initial state vector ((r,0).
Note that this result is only applicable when the energy |E0| of
the bound state is much smaller than other energies involved
in the system, e.g. 2&2/|$|. The spatial size of the bound state
ψ0(r) is in this case larger than Labs. We observe that ((r,t)
in Eq. (25) describes a two-photon wave packet that, although
subject to decay, propagates form stable and exhibits bunching
for small distances, i.e., a photonic molecule state.

We find relatively good agreement of the different asymp-
totic forms of the wave function amplitudes [Eq. (25)] with the
numerical results. There is only a small deviation, as we still
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Using Heisenberg’s uncertainty relation, we can derive an
approximate expression for the size of the bound state

rb =
∫ ∞

−∞
dr r2ψ2

0 (r) ! 1
2

(∫ ∞

−∞
dr |2mW (r)|

)−1

, (19)

which yields

rb ! 3
4π

Labs

ξ
> Labs > RB, (20)

where we used ξ " 1. Thus in the parameter regime, where
bound states can be excited, their spatial extend is rather large
and exceeds the absorption length as well as the blockade
radius. In Fig. 3(b) we show an eigenstate for ξ = 0.2
calculated by numerical diagonalization of the two-photon
Hamiltonian compared to an exponential function with the
size π

3 RB/ξ 2, showing a very good agreement.

B. Bound-state components

The internal structure of the bound state can be found
numerically by calculating the time evolution of an initially
broadly distributed wave function consisting of two dark-state
polaritons for the case of vanishing center-of-mass momentum
K = 0. We assume that the SS component has initially no
excitation inside the blockaded region |r| " RB. The results
are shown in Fig 4. As expected, the SS component is strongly
suppressed inside the blockade radius. Here the bound state has
mainly photonic character. In the case of $ > 0 one recognizes
a sharp peak of theSS component close to the blockade radius.
This coincides with the sharp minimum seen in the effective
potential for positive detuning at this distance, cf. Fig. 2(a).

If condition (16) for a single bound state is fulfilled, the
amplitude EE(r,t) of finding two photons at relative distance
r reads

EE(r,t)
cos4 θ

= C0e
−iE0tψ0(r) +

∫
C(E)e−iEtψE(r)dE, (21)

where C0 and C(E) are the overlap integrals between the initial
state and the bound and continuum eigenstates, respectively.
We here consider only the first part, corresponding to the bound
state and will discuss the continuum states in the following
section. The amplitudes of the remaining components ES,
SE , and SS of the bound state can be obtained by substituting
the solution for EE into the two-particle Schrödinger equation.
A direct calculation gives

ES+(r,t) = ES + SE ≈ −2C0 cos3 θψ0(r)e−iE0t . (22)

In obtaining this expression we have assumed that g2/|$| ≫
cK,|E0|. The calculation of the spin component SS(r,t) is
more involved, but straightforward. After simple algebra we
arrive at

SS(r,t) ≈ C0
cos2 θ

1 − $
2&2 V (r)

ψ0(r)e−iE0t . (23)

Analogous calculations can be performed for the antisymmet-
ric component ES− = ES − SE , which becomes negligible if
the size of the bound state is much larger than the off-resonant
optical length rb ≫ Labs:

|ES−(r,t)|
2C0 cos3 θψ0(r)

≈
∣∣∣∣

Labs

ψ0(r)
dψ0(r)

dr

∣∣∣∣ → 0. (24)
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FIG. 4. Photonic molecule state obtained from numerical time
evolution of the paraxial Maxwell-Bloch equations for K = 0,
g = 20&, ξ = 0.2, and t = 20 in units of |$|/2&2. Shown are the
amplitudes of the wave-function components EE , ES±, SS, and
W (r)EE , and each scaled with powers of cos θ according to Eq. (25)
to make them comparable. (a) The result for negative detuning
$ = −4γ and (b) the result for positive detuning $ = +4γ , where
the SS component exhibits resonances. Outside the blockade radius
we find small deviations from the result we expect from Eq. (25).

In this weak-interaction limit the amplitudes [Eqs. (21)–
(23) and (24)] can be combined in a compact form ( =
(EE,ES,SE,SS)T , yielding

!(r,t) = cos2 θC0

⎛

⎜⎜⎝

cos2 θ
− cos θ
− cos θ

1
1− $

2&2 V (r)

⎞

⎟⎟⎠ψ0(r)e−iE0t , (25)

where the factor cos2 θ in front appears as a result of projecting
the initial state onto the state of two free polaritons and can
be changed by choosing a specific initial state vector ((r,0).
Note that this result is only applicable when the energy |E0| of
the bound state is much smaller than other energies involved
in the system, e.g. 2&2/|$|. The spatial size of the bound state
ψ0(r) is in this case larger than Labs. We observe that ((r,t)
in Eq. (25) describes a two-photon wave packet that, although
subject to decay, propagates form stable and exhibits bunching
for small distances, i.e., a photonic molecule state.

We find relatively good agreement of the different asymp-
totic forms of the wave function amplitudes [Eq. (25)] with the
numerical results. There is only a small deviation, as we still
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Using Heisenberg’s uncertainty relation, we can derive an
approximate expression for the size of the bound state

rb =
∫ ∞

−∞
dr r2ψ2

0 (r) ! 1
2

(∫ ∞

−∞
dr |2mW (r)|

)−1

, (19)

which yields

rb ! 3
4π

Labs

ξ
> Labs > RB, (20)

where we used ξ " 1. Thus in the parameter regime, where
bound states can be excited, their spatial extend is rather large
and exceeds the absorption length as well as the blockade
radius. In Fig. 3(b) we show an eigenstate for ξ = 0.2
calculated by numerical diagonalization of the two-photon
Hamiltonian compared to an exponential function with the
size π

3 RB/ξ 2, showing a very good agreement.

B. Bound-state components

The internal structure of the bound state can be found
numerically by calculating the time evolution of an initially
broadly distributed wave function consisting of two dark-state
polaritons for the case of vanishing center-of-mass momentum
K = 0. We assume that the SS component has initially no
excitation inside the blockaded region |r| " RB. The results
are shown in Fig 4. As expected, the SS component is strongly
suppressed inside the blockade radius. Here the bound state has
mainly photonic character. In the case of $ > 0 one recognizes
a sharp peak of theSS component close to the blockade radius.
This coincides with the sharp minimum seen in the effective
potential for positive detuning at this distance, cf. Fig. 2(a).

If condition (16) for a single bound state is fulfilled, the
amplitude EE(r,t) of finding two photons at relative distance
r reads

EE(r,t)
cos4 θ

= C0e
−iE0tψ0(r) +

∫
C(E)e−iEtψE(r)dE, (21)

where C0 and C(E) are the overlap integrals between the initial
state and the bound and continuum eigenstates, respectively.
We here consider only the first part, corresponding to the bound
state and will discuss the continuum states in the following
section. The amplitudes of the remaining components ES,
SE , and SS of the bound state can be obtained by substituting
the solution for EE into the two-particle Schrödinger equation.
A direct calculation gives

ES+(r,t) = ES + SE ≈ −2C0 cos3 θψ0(r)e−iE0t . (22)

In obtaining this expression we have assumed that g2/|$| ≫
cK,|E0|. The calculation of the spin component SS(r,t) is
more involved, but straightforward. After simple algebra we
arrive at

SS(r,t) ≈ C0
cos2 θ

1 − $
2&2 V (r)

ψ0(r)e−iE0t . (23)

Analogous calculations can be performed for the antisymmet-
ric component ES− = ES − SE , which becomes negligible if
the size of the bound state is much larger than the off-resonant
optical length rb ≫ Labs:

|ES−(r,t)|
2C0 cos3 θψ0(r)

≈
∣∣∣∣

Labs

ψ0(r)
dψ0(r)

dr

∣∣∣∣ → 0. (24)
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FIG. 4. Photonic molecule state obtained from numerical time
evolution of the paraxial Maxwell-Bloch equations for K = 0,
g = 20&, ξ = 0.2, and t = 20 in units of |$|/2&2. Shown are the
amplitudes of the wave-function components EE , ES±, SS, and
W (r)EE , and each scaled with powers of cos θ according to Eq. (25)
to make them comparable. (a) The result for negative detuning
$ = −4γ and (b) the result for positive detuning $ = +4γ , where
the SS component exhibits resonances. Outside the blockade radius
we find small deviations from the result we expect from Eq. (25).

In this weak-interaction limit the amplitudes [Eqs. (21)–
(23) and (24)] can be combined in a compact form ( =
(EE,ES,SE,SS)T , yielding

!(r,t) = cos2 θC0

⎛

⎜⎜⎝

cos2 θ
− cos θ
− cos θ

1
1− $

2&2 V (r)

⎞

⎟⎟⎠ψ0(r)e−iE0t , (25)

where the factor cos2 θ in front appears as a result of projecting
the initial state onto the state of two free polaritons and can
be changed by choosing a specific initial state vector ((r,0).
Note that this result is only applicable when the energy |E0| of
the bound state is much smaller than other energies involved
in the system, e.g. 2&2/|$|. The spatial size of the bound state
ψ0(r) is in this case larger than Labs. We observe that ((r,t)
in Eq. (25) describes a two-photon wave packet that, although
subject to decay, propagates form stable and exhibits bunching
for small distances, i.e., a photonic molecule state.

We find relatively good agreement of the different asymp-
totic forms of the wave function amplitudes [Eq. (25)] with the
numerical results. There is only a small deviation, as we still
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is governed by the equation

i
∂

∂t
! = {Ĥ0(z1,z2) + V (z1 − z2)P̂SS}!, (4)

with Ĥ0 = Ĥ0(z1) ⊗ 12 + 12 ⊗ Ĥ0(z2). The operator P̂SS =
|ϕ4⟩ ⟨ϕ4| denotes the projector onto the SS component of
the wave function, i.e., two Rydberg excitations, with |ϕ4⟩ =
(0,0,0,1)T . This equation can be integrated numerically to find
the time evolution of a two-photon wave packet. In particular,
we simulate the time evolution starting in free space and
propagating according to Eq. (2) through a sharp boundary.
We find qualitatively a very different behavior inside the
medium depending on the strength of the interaction potential
V (z1 − z2) as can be seen in Figs. 1(c) and 1(d). In the
weakly interacting regime [Fig. 1(c)] we find a bunching of
photons, while in the strongly interacting regime [Fig. 1(d)]
the photons avoid a volume given by |z1 − z2| < RB, with
RB = (|#|C6/2$2)1/6 being the off-resonant blockade radius.

To gain analytical insight into these observations, we
employ a Green’s function approach to solve the time evolution
of the two-photon wave function [Eq. (4)], similar to [20]. We
transform to center-of-mass and relative coordinates of the
two excitations R = 1

2 (z1 + z2) and r = z1 − z2, respectively.
Subsequently, we perform a Fourier transform with respect to
the center of mass R according to f (R) =

!
dK eiKRf̃ (K).

Specifically, we consider the initial state

%(K,r,0) = f (K,r) |ϕ1⟩ , (5)

where |ϕ1⟩ = (1,0,0,0)T , i.e., we assume that only the pho-
tonic component is present at the beginning of the evolution.
Our calculation can easily be generalized to other initial states.
Furthermore, we restrict ourselves to the case of negative
single-photon detuning # < 0. The solution for positive
detuning can be derived straightforwardly.

We are interested in the (asymptotic) behavior of the ampli-
tude EE(K,r,t) at large times. In this limit, the low-frequency
contributions are the dominant ones (see Appendix A for more
details) and by simple algebraic calculations one obtains for
the two-photon amplitude

EE(K,r,t) = cos4 θ

2π i

""
dω dr ′ e−iωtG(r,r ′,ω)f (K,r ′). (6)

Here the Green’s function G(r,r ′,ω) is the solution of the
integral equation

G(r,r ′,ω) = G0(r,r ′,ω) − sin4 θ

×
"

dr ′′ G0(r,r ′′,ω)W (r ′′)G(r ′′,r ′,ω), (7)

where W (r) denotes an effective potential which is defined by
Eq. (11).

Under the condition that Im{
#

2m(ω − vgK)} > 0, the
free Green’s function G0 in Eq. (7) has the coordinate
representation

G0(r,r ′,ω) = −
exp{i

#
2m(ω − vgK)|r − r ′|}

2i
#

2m(ω − vgK)
. (8)

In the low-energy regime, |ω| ≪ $2/|)|, i.e., for fre-
quencies well inside the EIT window the Green’s function
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FIG. 2. Real (solid blue lines) and imaginary part (dashed
red lines) of effective potential W (r), defined in Eq. (11) for
(a) positive # = 8γ > 0 and (b) negative single-photon detuning
# = −8γ < 0 and $ = γ .

G describes the evolution of a particle with an effective
Hamiltonian

Ĥeff = − 1
2m

d2

dr2
+ W (r) sin4 θ . (9)

The complex mass is given by

m = i
g2

4c)vg

= sgn(#)
4vgLabs

$
1 + i

γ

#

%
(10)

and the effective interaction potential reads

W (r) ≡ V (r)
1 + αV (r)

, α = iγ − #

2$2
. (11)

In the limit of slow light g ≫ $ and large single photon
detuning |#| ≫ γ the effective mass reduces to the simpler
expression m ≈ sgn(#)(4vgLabs)−1, which coincides with the
results derived in [22]. Likewise the coefficient α simplifies to
α ≈ −#/2$2.

In the following we assume slow-light conditions and set
sin2 θ ≈ 1.

In Fig. 2 we show the effective potential for positive and
negative detuning. For distances larger than RB the potential
decays like the bare van der Waals potential, for small distances
the potential becomes flat. We can interpret the effective
potential as complex susceptibility of a single photon in the
presence of a fixed Rydberg excitation at the origin resulting
in a space dependent two-photon detuning [14,23]:

χ (r) = χ ′ + iχ ′′ = −i
g2

$2
W (r). (12)

Note that the complex mass (10) always has a positive
imaginary part, effectively describing the (small) polariton
losses due to spontaneous decay of the intermediate level |e⟩,
while the sign of its real part can be tuned depending on the
sign of the single-photon detuning #. The product of the real
part of the effective potential and the effective mass is always
negative at small distances, suggesting the existence of bound
states, independent of the sign of #.

III. WEAKLY BOUND STATES—PHOTONIC MOLECULES

For the interacting problem we have to solve Eq. (7) for the
Green’s function. In the far-detuned limit, when |#| ≫ γ , the
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is governed by the equation

i
∂

∂t
! = {Ĥ0(z1,z2) + V (z1 − z2)P̂SS}!, (4)

with Ĥ0 = Ĥ0(z1) ⊗ 12 + 12 ⊗ Ĥ0(z2). The operator P̂SS =
|ϕ4⟩ ⟨ϕ4| denotes the projector onto the SS component of
the wave function, i.e., two Rydberg excitations, with |ϕ4⟩ =
(0,0,0,1)T . This equation can be integrated numerically to find
the time evolution of a two-photon wave packet. In particular,
we simulate the time evolution starting in free space and
propagating according to Eq. (2) through a sharp boundary.
We find qualitatively a very different behavior inside the
medium depending on the strength of the interaction potential
V (z1 − z2) as can be seen in Figs. 1(c) and 1(d). In the
weakly interacting regime [Fig. 1(c)] we find a bunching of
photons, while in the strongly interacting regime [Fig. 1(d)]
the photons avoid a volume given by |z1 − z2| < RB, with
RB = (|#|C6/2$2)1/6 being the off-resonant blockade radius.

To gain analytical insight into these observations, we
employ a Green’s function approach to solve the time evolution
of the two-photon wave function [Eq. (4)], similar to [20]. We
transform to center-of-mass and relative coordinates of the
two excitations R = 1

2 (z1 + z2) and r = z1 − z2, respectively.
Subsequently, we perform a Fourier transform with respect to
the center of mass R according to f (R) =

!
dK eiKRf̃ (K).

Specifically, we consider the initial state

%(K,r,0) = f (K,r) |ϕ1⟩ , (5)

where |ϕ1⟩ = (1,0,0,0)T , i.e., we assume that only the pho-
tonic component is present at the beginning of the evolution.
Our calculation can easily be generalized to other initial states.
Furthermore, we restrict ourselves to the case of negative
single-photon detuning # < 0. The solution for positive
detuning can be derived straightforwardly.

We are interested in the (asymptotic) behavior of the ampli-
tude EE(K,r,t) at large times. In this limit, the low-frequency
contributions are the dominant ones (see Appendix A for more
details) and by simple algebraic calculations one obtains for
the two-photon amplitude

EE(K,r,t) = cos4 θ

2π i

""
dω dr ′ e−iωtG(r,r ′,ω)f (K,r ′). (6)

Here the Green’s function G(r,r ′,ω) is the solution of the
integral equation

G(r,r ′,ω) = G0(r,r ′,ω) − sin4 θ

×
"

dr ′′ G0(r,r ′′,ω)W (r ′′)G(r ′′,r ′,ω), (7)

where W (r) denotes an effective potential which is defined by
Eq. (11).

Under the condition that Im{
#

2m(ω − vgK)} > 0, the
free Green’s function G0 in Eq. (7) has the coordinate
representation

G0(r,r ′,ω) = −
exp{i

#
2m(ω − vgK)|r − r ′|}

2i
#

2m(ω − vgK)
. (8)

In the low-energy regime, |ω| ≪ $2/|)|, i.e., for fre-
quencies well inside the EIT window the Green’s function
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FIG. 2. Real (solid blue lines) and imaginary part (dashed
red lines) of effective potential W (r), defined in Eq. (11) for
(a) positive # = 8γ > 0 and (b) negative single-photon detuning
# = −8γ < 0 and $ = γ .

G describes the evolution of a particle with an effective
Hamiltonian

Ĥeff = − 1
2m

d2

dr2
+ W (r) sin4 θ . (9)

The complex mass is given by

m = i
g2

4c)vg

= sgn(#)
4vgLabs

$
1 + i

γ

#

%
(10)

and the effective interaction potential reads

W (r) ≡ V (r)
1 + αV (r)

, α = iγ − #

2$2
. (11)

In the limit of slow light g ≫ $ and large single photon
detuning |#| ≫ γ the effective mass reduces to the simpler
expression m ≈ sgn(#)(4vgLabs)−1, which coincides with the
results derived in [22]. Likewise the coefficient α simplifies to
α ≈ −#/2$2.

In the following we assume slow-light conditions and set
sin2 θ ≈ 1.

In Fig. 2 we show the effective potential for positive and
negative detuning. For distances larger than RB the potential
decays like the bare van der Waals potential, for small distances
the potential becomes flat. We can interpret the effective
potential as complex susceptibility of a single photon in the
presence of a fixed Rydberg excitation at the origin resulting
in a space dependent two-photon detuning [14,23]:

χ (r) = χ ′ + iχ ′′ = −i
g2

$2
W (r). (12)

Note that the complex mass (10) always has a positive
imaginary part, effectively describing the (small) polariton
losses due to spontaneous decay of the intermediate level |e⟩,
while the sign of its real part can be tuned depending on the
sign of the single-photon detuning #. The product of the real
part of the effective potential and the effective mass is always
negative at small distances, suggesting the existence of bound
states, independent of the sign of #.

III. WEAKLY BOUND STATES—PHOTONIC MOLECULES

For the interacting problem we have to solve Eq. (7) for the
Green’s function. In the far-detuned limit, when |#| ≫ γ , the
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(a)

ΩÊ

(b)

(c) (d)

FIG. 1. (a) Sketch of atomic coupling scheme in ladder-type EIT
setup, consisting of states |g⟩, |r⟩, and the intermediate state |r⟩ that
is subject to spontaneous decay. The probe field Ê and the control
field ! drive the transitions |g⟩ ↔ |e⟩ and |e⟩ ↔ |r⟩, respectively.
(b) Experimental setup for homodyne detection to filter bound state
and scattering state components. (c) and (d) Absolute value squared
of the two-photon wave function EE(z1,z2,t) = ⟨0| Ê(z1)Ê(z2) |φ(t)⟩
(given in arbitrary units). Numerical simulation of the two-photon
wave function inside a three-level atomic medium after propagating
from free space into the medium with boundary at z = 0. Depending
on the ratio ξ = RB/Labs, the two-photon wave function has a very
different spatial structure. Here RB denotes the Rydberg blockade
distance and Labs is the off-resonant absorption length in absence
of EIT, as defined in Sec. II. In (c) we show the result for weak
interactions ξ = 0.2, where bunching can be observed. For strong
interactions, there is an antibunching of photons, as shown in (d),
where ξ = 2.

obtain in linear response in gÊ the paraxial Maxwell-Bloch
equations,

i
∂

∂t
Ê(r) = −ic

∂

∂z
Ê(r) − c!!kp

!!∇
2
⊥Ê(r) − gP̂(r),

i
∂

∂t
P̂(r) = −i%P̂(r) − !Ŝ(r) − gÊ(r) + F̂ge,

i
∂

∂t
Ŝ(r) = −!P̂(r) +

"
dr′ V (r − r′)Ŝ†(r′)Ŝ(r′)Ŝ(r),

(1)

where we defined the complex detuning % = γ + i' and the
coupling strength g = ℘

#
nωp/2h̄ϵ0 with ℘ being the dipole

moment of the |g⟩ ↔ |e⟩ transition, and n being the atomic
number density. F̂ge is a Langevin noise operator [17], which
we introduced to preserve the commutation relations. Under
EIT driving conditions the occupation of the level |e⟩ stays
small, and thus the Langevin noise can be neglected.

As shown in [18], in experimentally relevant situations the
interaction can be described by a one-dimensional model and
we can neglect the transverse kinetic energy c

kp
∇2

⊥Ê . Finally,
assuming the time evolution being slow on the time scale set
by the complex detuning |%|, we adiabatically eliminate the
optical polarization P̂ , leading to

i
∂

∂t
Ê(z) = −ic

∂

∂z
Ê(z) − i

g2

%
Ê(z) − i

g!

%
Ŝ(z),

i
∂

∂t
Ŝ(z) = −i

!2

%
Ŝ(z) − i

g!

%
Ê(z)

+
"

dz′ V (z − z′)Ŝ†(z′)Ŝ(z′)Ŝ(z), (2)

which is a set of coupled nonlinear integrodifferential equa-
tions for the operators Ê and Ŝ.

B. Dark-state polaritons

Let us first briefly summarize the description of the
noninteracting limit, i.e., V (z) ≡ 0, which also applies to
the case of a single photon propagating through the Rydberg
medium. In this case, Eqs. (2) form a set of linear equations
that can be expressed as

i
∂

∂t

$
Ê
Ŝ

%
= Ĥ0

$
Ê
Ŝ

%
, Ĥ0 = −i

&
c ∂

∂z
+ g2

%
g!
%

g!
%

!2

%

'

.

(3)

The eigenmodes of the Hamiltonian Ĥ0 in the long-wavelength
limit (k ≈ 0) correspond to quasiparticles composed of light
and matter excitation, the so-called dark- and bright-state
polaritons which can be written as ψ̂d = − cos θ Ê + sin θ Ŝ
and ψ̂b = sin θ Ê + cos θ Ŝ, respectively, see, e.g., [2]. Here
the mixing angle θ is defined by tan θ = g/!. Treating
the momentum k perturbatively one finds that the dark-
state polariton propagates lossless with the group velocity
vg = c cos2 θ . Furthermore, it forms a quasiparticle with an
effective mass m. The mass is approximately m ≈ (2vgLabs)−1

under slow-light conditions and in an off-resonant driving
scheme, where Labs = |'|c/g2 is the off-resonant optical
depth, In contrast, the bright-state polariton propagates with
velocity c sin2 θ ≈ c and is subject to losses with the rate
γ!2

e/|'|2, where the effective Rabi frequency is defined by
!2

e = g2 + !2.
For large separations between excitations the Rydberg-

Rydberg interaction can be included as a perturbation, see,
e.g., [19]. However, this approach does not capture bound
states and is thus not applicable in general. Instead the full
scattering problem has to be considered as was done in [20];
see also [21].

C. Effective model for two excitations

To analyze the dynamics of interacting excitations we now
consider the time evolution of two particles, which can be done
by using wave functions EE(z1,z2,t) = ⟨0| Ê(z1,t)Ê(z2,t) |φ⟩,
and analogously defined components ES, SE , and SS that
can be combined into the four-component vector !2 =
(EE,ES,SE,SS)T . The time evolution of !2 in real space
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Green’s function G(r,r ′,ω) can be written as a sum

G(r,r ′,ω) =
N!

n=1

ψn(r)ψ∗
n (r ′)

ω − En

+
"

dE
ψE(r)ψ∗

E(r ′)
ω − E

(13)

of bound eigenstates, denoted by ψn(r), and continuum
eigenstates, denoted by ψE(r). The binding energies of the
molecular states are in general complex and increase with the
optical depth per blockade distance ξ ≡ RB/Labs.

A sufficient condition for the existence of bound states ψn

in the spectrum of this Hamiltonian is [24]
" ∞

−∞
dr mW (r) < 0. (14)

We note that in our case of negative single-photon detuning,
the product of m and W (r) is negative, and thus this condition
is met.

A. Properties of bound states

The bound eigenstates ψn(r) can be computed by numerical
diagonalization of the effective Hamiltonian [Eq. (9)] for
discretized spatial coordinates on a finite spatial interval.
This allows us to get an approximate spectrum of the bound
eigenstates as a function of the optical depth per blockade
distance ξ , which is shown in Fig. 3(a). For sufficiently small
ξ only a single bound state exists and with increasing ξ the
number of bound eigenstates grows, as does their energy. As
the effective Hamiltonian is only applicable in the regime of
small energies, we show only energies with an absolute value
smaller than $2

2|%| , corresponding to frequencies inside the EIT
transparency window.

The number of bound states N can be estimated [24] by

N ! 1 + 2|m|
" ∞

−∞
dr |r|W (r). (15)

This leads to a condition for the existence of only one bound
state:

ξ !
#

3
√

3/π ≈ 1.2861. (16)

Hence, a unique bound state exists only for small optical depth
per blockade ξ . Consequently, to observe the formation of
sufficiently long-lived photonic molecules in an experiment
one has to operate in this regime. Deeply bound states have
small spatial extent, i.e., they are strongly localized and hard
to excite by a flat initial photon distribution. The higher-n
bound eigenstates ψn, which exist for ξ ≫ 1, are also hard to
excite, since they exhibit many oscillations and, furthermore,
are subject to strong decay, as we will show later on. This
explains the behavior seen in Figs. 1(c) and 1(d). The excitation
of a bound photon state is only effective if a single bound state
close to the continuum exists, i.e., in the weakly interacting
limit.

It is well known [25] that the bound state energies of a one-
dimensional Schrödinger equation with a complex potential
W (r) are bounded by

|En| ! |m|
4

$" ∞

−∞
dr |W (r)|

%2

. (17)
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FIG. 3. Results of numerical diagonalization of the effective
Hamiltonian Ĥeff [Eq. (9)] for a system of finite length with periodic
boundary conditions. (a) Bound-state energies En in dependence of
interaction strength, respectively, optical depth per blockade volume
ξ . The (light blue) dashed-dotted line is the approximate solution
E0 ≈ − π2

9 ξ 2 that will be derived in Sec. IV. We restrict the plot
to energies larger −$2/2|%|, as the effective Hamiltonian is only
valid for small energies. (b) First bound state ψ0 in comparison
to an exponential function in the weakly interacting regime with
ξ = 0.2, where we adjusted the amplitude of the bound state to fit the
exponential.

Making use of this inequality we then obtain the following
estimate for the energy of the bound state:

|E0| ! 1
2

ξ 2
$

2π

3

%2 2$2

'
" 2$2

'
, (18)

where in the last step we assumed that only a single bound
state exists. Hence the bound state energy is inside the low-
frequency region of the EIT transparency window.

An estimate for the size of the bound state ψ0(r) can
be obtained from the uncertainty of the relative momentum.
Assuming that we are in the regime of a single bound state
close to the continuum, i.e., ξ " 1, a simple calculation shows
that the momentum width of the bound state ψ0(r) is given by

'p =
" ∞

−∞
dr

$
dψ0(r)

dr

%2

"
" ∞

−∞
dr |2mW (r)|.
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Green’s function G(r,r ′,ω) can be written as a sum

G(r,r ′,ω) =
N!

n=1

ψn(r)ψ∗
n (r ′)

ω − En

+
"

dE
ψE(r)ψ∗

E(r ′)
ω − E

(13)

of bound eigenstates, denoted by ψn(r), and continuum
eigenstates, denoted by ψE(r). The binding energies of the
molecular states are in general complex and increase with the
optical depth per blockade distance ξ ≡ RB/Labs.

A sufficient condition for the existence of bound states ψn

in the spectrum of this Hamiltonian is [24]
" ∞

−∞
dr mW (r) < 0. (14)

We note that in our case of negative single-photon detuning,
the product of m and W (r) is negative, and thus this condition
is met.

A. Properties of bound states

The bound eigenstates ψn(r) can be computed by numerical
diagonalization of the effective Hamiltonian [Eq. (9)] for
discretized spatial coordinates on a finite spatial interval.
This allows us to get an approximate spectrum of the bound
eigenstates as a function of the optical depth per blockade
distance ξ , which is shown in Fig. 3(a). For sufficiently small
ξ only a single bound state exists and with increasing ξ the
number of bound eigenstates grows, as does their energy. As
the effective Hamiltonian is only applicable in the regime of
small energies, we show only energies with an absolute value
smaller than $2

2|%| , corresponding to frequencies inside the EIT
transparency window.

The number of bound states N can be estimated [24] by

N ! 1 + 2|m|
" ∞

−∞
dr |r|W (r). (15)

This leads to a condition for the existence of only one bound
state:

ξ !
#

3
√

3/π ≈ 1.2861. (16)

Hence, a unique bound state exists only for small optical depth
per blockade ξ . Consequently, to observe the formation of
sufficiently long-lived photonic molecules in an experiment
one has to operate in this regime. Deeply bound states have
small spatial extent, i.e., they are strongly localized and hard
to excite by a flat initial photon distribution. The higher-n
bound eigenstates ψn, which exist for ξ ≫ 1, are also hard to
excite, since they exhibit many oscillations and, furthermore,
are subject to strong decay, as we will show later on. This
explains the behavior seen in Figs. 1(c) and 1(d). The excitation
of a bound photon state is only effective if a single bound state
close to the continuum exists, i.e., in the weakly interacting
limit.

It is well known [25] that the bound state energies of a one-
dimensional Schrödinger equation with a complex potential
W (r) are bounded by

|En| ! |m|
4

$" ∞

−∞
dr |W (r)|

%2

. (17)
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FIG. 3. Results of numerical diagonalization of the effective
Hamiltonian Ĥeff [Eq. (9)] for a system of finite length with periodic
boundary conditions. (a) Bound-state energies En in dependence of
interaction strength, respectively, optical depth per blockade volume
ξ . The (light blue) dashed-dotted line is the approximate solution
E0 ≈ − π2

9 ξ 2 that will be derived in Sec. IV. We restrict the plot
to energies larger −$2/2|%|, as the effective Hamiltonian is only
valid for small energies. (b) First bound state ψ0 in comparison
to an exponential function in the weakly interacting regime with
ξ = 0.2, where we adjusted the amplitude of the bound state to fit the
exponential.

Making use of this inequality we then obtain the following
estimate for the energy of the bound state:

|E0| ! 1
2

ξ 2
$

2π

3

%2 2$2

'
" 2$2

'
, (18)

where in the last step we assumed that only a single bound
state exists. Hence the bound state energy is inside the low-
frequency region of the EIT transparency window.

An estimate for the size of the bound state ψ0(r) can
be obtained from the uncertainty of the relative momentum.
Assuming that we are in the regime of a single bound state
close to the continuum, i.e., ξ " 1, a simple calculation shows
that the momentum width of the bound state ψ0(r) is given by

'p =
" ∞

−∞
dr

$
dψ0(r)

dr

%2

"
" ∞

−∞
dr |2mW (r)|.
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FIG. 6. Logarithmic plot of the amplitudes of bound- (dashed,
red) and continuum-states components (dashed-dotted, yellow) of
the two-photon wave function EE(0,t) as function of time for zero
relative distance shown (solid, blue). The dotted purple line shows
the full numerical solution. The results are in the weakly interacting
regime for ξ = 0.2 and g/" = 100 and calculated for (a) small single
photon # = −1.5γ and (b) large detuning # = −12γ . The dashed
vertical line in (a) indicates the crossover time scale t0.

B. Bound-state and continuum contributions to bunching

There are two distinct features of bound and continuum
states. First of all, while in the vicinity of r = 0 the continuum
states have the same spatial structure as the bound state, they
are the dominant contribution at large relative distances r ,
see Fig. 5. This is due to the exponential localization of the
bound state on a length scale rb. Second, as can be seen from
Eq. (28), bound and continuum contributions have a different
time evolution. While the continuum states decay diffusively
in time, i.e., ∝ 1/

√
t , bound states decay exponentially. This

is illustrated in Fig. 6, where we have plotted the amplitudes of
bound and continuum state as a function of time at vanishing
relative distance r = 0 along with the two-photon amplitude
EE(0,t). The larger the detuning |#| the slower the decay of
the bound state. Nevertheless for large times the continuum
contributions become the dominant part also for small relative
distances. The oscillatory behavior of EE is an interference
effect between bound and continuum contributions, which will
be discussed in more detail later.
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FIG. 7. Time evolution of two excitation wave function for K = 0
inside medium in the weakly interacting regime where ξ = 0.2 for
# = −12γ , and g = 100". (a) Amplitude |EE(r,t)|2 (in arbitrary
units) and (b) phase arg(EE(r,t)) (in units of π ). One recognizes a
large phase, constant over the extend of the two-photon bound state
for fixed times.

At large times, the solution of (28) at r = 0 can be further
simplified to

EE(0,t)
cos4 θ

≈ 2 exp
!
− iβη2

2
t
"

− 1
#

πβη2

2i
t

, (33)

where again the first term on the right-hand side corresponds
to the bound state while the second term gives the contribution
from the continuum.

Using Eq. (28) or, for sufficiently large |#|, Eq. (33) we can
identify a crossover time t0 at which the contribution of the
scattering states becomes the dominant one. This also means
that for t ≫ t0 any observed bunching is solely due to the
scattering states. A simple analysis shows that t0 is minimal if

Re(βη2) = 0, (34)

i.e., when γ /|#| = tan 3π
16 ≈ 0.6681 ≈ 2/3 and at this point

for t0 one has

t0 ≈ π

2ξ 2
, (35)

according to Eq. (28). For ξ < 1 this time scale is much larger
than one in units of the typical EIT time scale |#|/2"2.

V. FILTERING OF BOUND AND CONTINUUM
COMPONENTS

As can be seen in Fig. 6, the two-photon amplitude shows
an oscillatory time dependence. These oscillations result
from an interference between bound- and continuum-states
contributions to the two-photon amplitude, due to the different
phases of these terms. We will now investigate the time
evolution of the phase in more detail and will argue that this
can be used to filter out the bound-state components, allowing
for an experimental investigation of the photonic molecules
alone.

In order to employ the phase shift of the photonic molecule
for its experimental separation, it should be spatially homo-
geneous and at the same time sufficiently large. In Fig. 7 we
show amplitude and phase of EE(r,t) as functions of relative
distance r and time t obtained from numerically solving the
full two-particle evolution. One recognizes that the phase shift
is large and constant in space over the whole extent of the
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find a finite remaining antisymmetric component ES−(r,t) and
correspondingly a slightly increased spin excitation.

IV. BOUND STATES AND CONTINUUM

A major goal of this paper is to analyze the interplay
between bound state and continuum contributions. In this
section we employ an effective Schrödinger equation to derive
asymptotic analytical solutions of Eq. (7) including both bound
and continuum parts that we compare to numerical solutions.
We show that an initial state evolves into a superposition of
bound states and scattering states both of which contribute to
the bunching signal.

A. Approximate analytic solutions

For the relevant propagation distances the dispersive nature
of the interaction potential, i.e., the frequency dependence of
W (r,ω), can be ignored for the dynamics of the two-particle
wave function (see Appendix A). In this case we can proceed in
a standard way and reformulate the integral equation [Eq. (7)]
as a Schrödinger-type initial value problem for the propagator
G(r,r ′,t),

i
∂

∂t
G(r,r ′,t) =

!
1

2m

∂2

∂r2
+ W (r)

"
G(r,r ′,t),

(26)
G(r,r ′,0) = δ(r − r ′).

In obtaining this result we have omitted the kinematic term
cK cos2 θ for the center-of-mass motion, as it generates a
trivial shift in time. In the following we thus assume K = 0.
The potential W (r) [Eq. (11)] can be treated as an effective
interaction between two photons. At short times the model (26)
does not approximate the full dynamics well, since our
derivations of Eq. (26) are based on the assumption that
the evolution time should be long compared to all other
characteristic time scales of the system (see Appendix A).
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FIG. 5. Second order correlation functions |EE(r,t)|2 of two
photons as function of relative distance r and fixed time t = 20 (in
units of |%|/2&2). The solid blue line shows a numerical calculation
for K = 0, g/& = 100, % = −4γ in the weakly interacting regime
with ξ = 0.2. The dashed red and the dotted yellow line show
the bound and continuum part of the wave function, respectively,
according to Eq. (28), and the dash-dotted purple line shows the sum
of both.

As can be seen from the full numerical solution in Fig. 5,
for weakly interacting photons, i.e., ξ ≪ 1, the range of spatial
variation of the two-photon amplitude EE(r,t) is much greater
than the range of the potential, i.e., the blockade radius RB.
This suggests that W (r) can be approximated by a deltalike
pseudopotential:

W (r) → Weff(r) = 2πRB

3
2&2

|%|
1

(1 + iγ /|%|)5/6
δ(r). (27)

Assuming that the initial two-photon amplitude is uniformly
distributed in the relative coordinate r one can show that
the Schrödinger equation for EE(r,t) with the effective
interaction potential Weff(r) admits analytical solutions in
closed form at large times. For convenience we introduce
dimensionless time and space coordinates that are measured in
units of (2&2/|%|)−1 and RB, respectively. After a lengthy but
straightforward calculation we find the following expression
for the two-photon amplitude EE(r,t),

EE(r,t)
cos4 θ

= erf
#$

iβ
2t

|r|
%

+ exp
#
−i

βη2

2
t − βη|r|

%

×
&

2 −
'
1 + erf

#
−sgn[Re(βη)]

$
βη2

2i
t +

$
iβ
2t

|r|
%()

,

(28)

where for convenience we defined the constants

η = 2π

3
1

*
1 + i γ

|%|
+5/6 , β = 1

2
ξ 2

1 + i γ
|%|

. (29)

The term 2 exp(−i βη2

2 t − βη|r|) in Eq. (28) corresponds to
a single bound state wave function of the effective potential
Weff(r), if the condition Re(βη) > 0 is fulfilled. This holds
if |%| > 0.8665 γ , i.e., under off-resonant driving conditions.
The size of the bound state (in units of RB) is equal to

rb ≈ (βη)−1 ≈ π

3
ξ−2 ≫ 1. (30)

In Fig. 5 we show the bound and continuum-state con-
tributions obtained from Eq. (28) and compare them to the
full numerical solution. One recognizes very good agreement,
which also shows that the approximation used to derive
Eq. (26) is justified. One notices that the spatial structure of
bound and continuum states near r = 0 is the same.

The complex energy of the bound states can be read off
from Eq. (28). Up to second order in γ /% it is given by

E0 ≈ −π2

9
ξ 2

!
1 − i

8
3

γ

%
− 44

9
γ 2

%2

"
. (31)

From this we can also read off the decay rate of the bound state
which is approximately

γb ≈ 2.924 ξ 2 γ

%
. (32)

Note that both E0 and γb are in units of 2&2/|%|. One
recognizes that long lifetimes of bound states require small
optical depth per blockade volume, ξ .
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⇒  competition between kinetic energy and repulsive interaction 

       problem can be described as that of  
       interacting dark-state polaritons 
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         low-energy physics: Luttinger-liquid description:  

correlation functions in the ground state: 

free bosons 
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      deceleration time  

polariton mass too small ! 

    Luttinger parameter & polariton mass  

Decelera>on	of	polariton	
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speed of correlations vs. group velocity ? 

 speed of sound  

 group velocity  

polariton propagation remains sub-sonic ! 

Decelera>on	of	polariton	
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spinless, non-interacting 2D electrons in magnetic field  
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interactions!  

Laughlin wavefunction   Laughlin, PRL 50, 1395 (1983) 

bosonic Laughlin wavefunction   

Frac>onal	Quantum	Hall	effect	



PHYSIK

effective interaction potential in LLL  

two particle:   center of mass &  relative angular momentum  

Haldane‘s pseudopotentials  
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binding of particles to µ  flux quanta à screening of lowest   
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Jain‘s composite fermions  Jain, PRL 63, 199 (1989) 
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harmonic confinement 
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gaps to collective excitations of LN state 
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small filling LN à Wigner crystal 

fermions:  

Lam et al., PRB 30;     Baranov et al., PRL 100  

no crystal  

Lindeman criterion 

crystallization for  

standard trial wavefunction:  Wigner crystal of particles (NWC) 
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variational energies                                                 

non-correlated Wigner crystal (NWC) 

???                                                 

Wigner crystal of composite particle: correlated Wigner crystal (CWC) 

Wigner	crystals	of	composite	fermions		
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correlated Wigner crystal (CWC) 
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interaction potential  

similar to bubble phases in higher LL                                                 

clustering for   

Koulakov et al., PRL 76 (1996)  

Crystal	forma>on	principle		
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variational energies  

optimum number  
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à no roton instability   but clustering   

Cluster	liquid	?		
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exotic states like Haffnian (Hf) ??   

Hf generally believed to be gap-less ground-state à here gap ??   

Cluster	liquid	?		
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